Abstract. We prove that in any characteristic the formation of the monodromy group of a D-module commutes with the extension of the ground field, extending a result of Gabber for separable extensions.
object we want to descend, hence they do not allow to make use of the major trick we just described.
Instead, we chose to use the descent theory described in [Bat15a] , namely for L/K finite and modular (see Definition 3.1) the descent of an algebraic object X from L to K is related to the action of HG(
for suitable e (see Theorem 3.2). In this way we gain an action through automorphisms but we lose of course some of the strong properties that come from working over a field. It turns out, though, that the local Artin algebra L[x] still enjoys many good properties that allow to complete the proof following the ideas of Gabber also in the inseparable case, hence proving the main result of this article, namely
Theorem (see Corollary 3.8). Let K be a field of positive characteristic and S be a smooth geometrically connected variety over K, with S(K) = ∅, then for every D-module of finite rank over S the formation of the monodromy group commutes with the extension of the ground field.
Let us now describe the contents of this article: Section 1 is dedicated to a quick review of the theory of Tannaka categories, and to Katz's explicit description of the monodromy group in term of stabilizers. In Section 2 we describe the proof of Gabber in the separable case, under a more general axiomatization that applies to many other Tannakian categories (see Ex. 2.2), in Section 3 we define a finer axiomatization in order to prove the same theorem for L/K finite and inseparable, and prove that the category of D-modules over a smooth geometrically connected variety satisfies this new axiomatization. In Section 4 we give applications of the main theorem, for example completing the missing case of a theorem of Esnault and Langer (see Theorem 4.6) and proving that the field extension morphism for many Tannakian fundamental groups is faithfully flat (see Lemma 4.8).
Notation. If K is a field, Vtf K denotes the category of finite dimensional Kvector spaces. More in general if S is a scheme Bun S denotes the full subcategory of O S -coherent modules whose objects are locally free modules of finite rank. If S = Spec(A) we use Bun A instead of Bun Spec(A) . The category of modules (respectively, of finite type modules) over some ring A will be denoted as Mod A (respectively, Modf A ).
Let X be an object of a Tannakian category T , then by a linear algebra construction C(V ) over V we mean an object constructed from V via a finite sequence of tensor products, direct sums and duals.
If X is an object (scheme, module, and so on) defined over an algebra A (or over its spectrum) and B is an A-algebra, we will denote by X B its base change to B (or to Spec B).
Neutral Tannakian categories
Let K be a field of characteristic 0 and let S be a smooth K-variety such that S(K) = ∅. Let D Mod(S/K) be the category of finite rank vector bundles over S endowed with a flat connection. Let us fix s ∈ S(K) and define
is a Tannakian category over K. We will not give here the complete definition of such a category, referring the reader to [Riv72] and [DM82] , but note that if K is a field and (T , ω : T → Vtf K ) is a neutral Tannakian category over K, one has that is in particular T is abelian, K-linear, it admits a tensor structure and every object has a dual. Moreover, if X is an object in T , there is a unique smallest full sub-Tannakian category of T containing X, that we denote by X ⊗ . As for ω, it is a K-linear, faithful and a tensor functor, that is, it respects the tensor structure on T .
The main theorem in the theory of neutral Tannakian categories is the following:
is representable by an affine K-group scheme denoted by π(T , ω) and
induced by ω is an equivalence of neutral tensor categories, where for is the forgetful functor.
As remarked in [Kat87] , if X ∈ (T , ω) and we consider the neutral Tannakian category ( X ⊗ , ω), where by abuse of notation we still denote by ω its restriction to X ⊗ , then the K-algebraic group π(X, ω) = π( X ⊗ , ω), called the monodromy group of X, admits a simpler description, thanks to the following two theorems: Theorem 1.2 (Chevalley). Let K be a field and let G an affine group scheme of finite type over K. Let H be any subgroup of G, then there exists a representation V of G and a subspace W ⊂ V such that H is the stabilizer of W in V . Theorem 1.3 ([Wat79, 3.5, Thm.]). Let G be an algebraic group over a field K and V be a faithful representation of G, then every finite dimensional representation of G is a sub-quotient of some linear construction C(V ) with the natural induced G-action.
In particular, as remarked by Katz in [Kat82, p. III], if G is a subgroup of GL(V ) for some V , then G is uniquely determined by the list of subspaces S G it stabilizes in all linear algebra construction C(V ) over V . Let X ∈ T , then π(X, ω) is a subgroup of GL(ω(X)), and by Tannaka duality, it stabilizes all and only the sub-objects of C(ω(X)) = ω(C(X)) of the form ω(Y ) for some Y ∈ X ⊗ , where C runs along all the possible linear algebra constructions over ω(X). In particular we have the following:
where C runs along all possible linear algebra constructions.
Galois Tannakian pairs and the base change of the monodromy group
Keeping the notations of the previous section, if (E, ∇) ∈ D Mod(S/K) and L/K is a field extension, we can consider the vector bundle with flat connection
If we denote again by ω s the fibre functor given by
It is natural to ask whether µ is an isomorphism, and it was proven by Gabber (see [Kat87, Prop. 1.3.2]) that this is indeed the case. We will recall his proof in the following more generic setting:
Definition 2.1. Let K be any field and i : K ⊂ L a field extension. A pair consisting of a neutral Tannakian category (T , ω) over K and a neutral Tannakian The axiom (B3) follows by (a generalization of) an argument of Gabber in [Kat87,
as ω L is exact, it preserves pullbacks. Moreover as the Galois
and as ω L is faithful and
is also zero and hence
In particular, as Galois descent holds on all categories of Example 2.2, there exists
Then the following holds:
As µ is a closed immersion, it suffices to prove that π(X, ω) ⊆ G. By Chevalley theorem, there exists C G a linear algebra construction and W ⊂ C G (ω(X)) such that G = Stab(W ). In order to prove that π(X, ω) ⊆ G, it is hence enough to prove that π(X, ω) stabilizes W .
As
and this completes the proof.
Modular field extensions and modular pairs
The goal of this section is to prove a result equivalent to Theorem 2.3 for any field extension L/K, also in case the axiom (B1) is not satisfied. The issue here is of course that Galois descent does not work in this situation. There is though a way to bypass this problem, using the theory of descent along modular field extensions of finite exponent. An algebraic extension L of K is modular if it is isomorphic to a (possibly infinite) tensor product over K of elementary extensions (that is, of extensions of K generated by one element).
In case L/K is modular of finite exponent e we define (see [Bat15a, Sec. 1] and [Hee71] ) the Heerma-Galois group of L over K to be . Let L/K be a finite normal modular extension of exponent less or equal than e and let us denote
The previous theorem is not enough to generalize Gabber's proof, as for L[x]-linear categories Tannaka duality requires some additional conditions to be fulfilled:
). Let A be a commutative ring and T A a A-linear category, let ω A : T A → Modf A a tensor functor which is exact and faithful. Suppose that there is a tensor subcategory
A is a rigid functor with image in Bun A and that T ′ A spans T A , that is every object of T A is a quotient of some object in T ′ A . Then there exists a flat A-group scheme G representing Aut ⊗ (ω A ), moreover ω A induces an equivalence of categories making the following diagram commute:
for x x r r r r r r r r r r Modf A .
In view of the previous theorem we generalize the notion of Galois pair to the following:
satisfying all hypothesis of Theorem 3.3; (C2) there exists an additive, exact tensor functor (C4) there exists an additive tensor functor 0 :
Before proving the main result of this section, let us recollect some properties of the category Mod L[x] :
Lemma 3.5. Let M be an L[x]-module, then the following are equivalent: 
Proof. We follow the ideas of Theorem 2.3: first of all we want to prove that
by simply writing X L [x] . Let us consider the set
)} where C varies along all linear algebra constructions, and let us consider the functor Stab GL(ω(X) L[x] ) (S) (note that by the axioms (A1) and (C2) we have that
is projective as well and, by [Jan87, I, Sec 2.12,
In order to prove that they are actually equal, and hence that the latter is HG(L/K)-invariant, we need an additional step. By Theorem 3.3, there exists a flat group scheme G representing Aut
.5.2 (c)]).
We have hence the following chain of closed subgroup schemes over Spec L[x]:
3 As in Theorem 3.3, a subcategory T ′ ⊂ T spans T if all objects of the latter are quotients of of objects in T ′ .
In order to conclude let us remark the following:
it is clear, while G is flat, hence projective (Lemma 3.5), so I G is a direct sum of the ring of global sections of GL(ω(X) L[x] ), hence projective as well. In particular as the short exact sequence
splits, the cokernel Q is a direct summand of a free module hence it is projective (and free). Let G 0 be the closed fiber of G, in order to conclude that
is HG(L/K)-invariant is it is enough to show that it is equal to G, which is equivalent to show that the inclusion
is an equality as the split exact sequence (1) remains exact after taking its closed fiber. Now if a : L → R is an L-algebra, by definition G 0 (R) = G(R) where on the right hand side R is considered as an
and Q is the cokernel of this inclusion, we have that the short exact sequence
splits, in particular the last term is projective, hence free, and thus by (C4) one has The rest of the proof goes exactly as in Theorem 2.3, using (C3) instead of (B3).
Proposition 3.7. Let S be a smooth geometrically connected scheme over a field K of positive characteristic, with S(K) = ∅. Let s ∈ S(K) and L/K be a finite modular field extension of exponent e. Then (D Mod(S/K), ω s ) and (D Mod(S L /L), ω s ) are an e-modular geometric pair and for every
Proof. Let us first prove the existence of the category of axiom (C1). We take
-coherent modules endowed with a D-module structure, the rigid subcategory T ′ L[x] to be given by locally free objects and the fiber functor
to be the base change of the section s ∈ S(K). Namely,
We claim that this functor is exact and faithful. In order to prove this, notice that if we denote p :
we need to check whether the sequence is exact on the left. Note that this is the case if and only if this holds for the same exact sequence considered as L-modules, that is after applying p ′ * to the sequence, where
→ Spec L is given by the base change of p along the section s : Spec L → X L . Note that the flat base change isomorphism respects the D-module structure, in particular we have that after applying p ′ * the sequence is isomorphic to
which is exact by exactness of ω. In order to prove faithfulness, we use a similar argument: let f :
(f ) (and hence by flat base change also ω(p * (f ))) is zero then p * (f ) must be zero by faithfulness of ω, but then f must be zero as well, as it is just f seen as a morphism between O X -modules.
We want now to prove that every
) is a quotient of a free object. Now,
)-module, and the unit map
⊗ is spanned by its locally free objects.
Axiom (C3) follows by the same arguments as in 2.2 using Proposition 3.2 as for axiom (C2) and (C4) they are obvious.
Corollary 3.8. Let S be a smooth geometrically connected scheme over K with S(K) = ∅. Let s ∈ S(K) and L/K any field extension. Then for every E ∈ D Mod(S/K) the natural inclusion
Proof. By Theorem 2.3 we can assume that L is the algebraic closure of K, as both π(E L , ω s ) and π(E, ω s ) are of finite type (see [DM82, Prop. 2 .20]) hence everything is defined over some finite field extension L ′ of K, and taking the modular closure of L ′ we are reduced to Proposition 3.7.
4. Applications
Thanks to this isomorphism we can now describe X L ⊗ in terms of X ⊗ . By [Jan87, pp. II,4.18] we have that
for every i. Note that this means that if π(X, ω) is not semisimple we expect that the objects of X L ⊗ are not all coming from X ⊗ by base change as new extension will appear as soon as Ext X ⊗ (Y, Y ′ ) = 0. If K is algebraically closed we can be more precise in the comparison of X L ⊗ :
Theorem 4.1 (Jordan-Hölder, [Ses67, Thm 2.1]). Let C be an abelian category and X ∈ C an object of finite length. Then X admits a filtration, called composition Proof. One direction is trivial, for the converse it is enough to prove that if a representation V of an algebraic K-group G is simple then its base change to L/K is simple as well. Note that if W ⊂ V L is a (nontrivial) sub-representation, it is defined over some finite type K-algebra A, that is W is defined as a subrepresentation of V A of G A . In particular, for every closed (hence rational) point z ∈ Spec A we can evaluate W in z and get
is not the zero morphism for some closed point z ∈ Spec A. But this must be the case as otherwise W → V L would also be the zero morphism.
Remark 4.3. If K is not algebraically closed, G is an affine group over K and ρ : G → GL(V ) is an irreducible representation, it is clearly not in general true that ρ ⊗ id : GK → GL(VK) is irreducible, an example being the subgroup of SL 2,R of matrices of the form
Proof. If 0 ⊂ X r ⊂ · · · ⊂ X is a composition series for X ∈ T then by the previous lemma 0 ⊂ (X r ) L ⊂ · · · ⊂ X L is a composition series for X L . If X ′ is a sub-object or a quotient of X then its composition factors are isomorphic to a subset of the composition factors of X. This implies in particular that the simple objects in X L ⊗ are the composition factors of C(X L ) for some construction of linear algebra C, which completes the proof.
4.2.
Positive characteristic p-curvature conjecture. The following theorem, proved by Esnault and Langer and refined in [Bat15b] states (we omit the fiber functor when the ground field is algebraically closed as in this case the monodromy group is unique up to isomorphism): . Let K be an algebraically closed field of positive characteristic p. Let X → S be a smooth proper morphism of K-varieties with geometrically connected fibers and let E ∈ D Mod(X/S). Assume that there exists a dense subsetS ⊂ S(K) such that, for every s ∈S, the stratified bundle E s has finite monodromy and that the highest power of p dividing |π(E s )| is bounded overS. Letη be a geometric generic point of S, then i) there exists fη : Yη → Xη a finite étale cover such that f * Eη decomposes as direct sum of stratified line bundles; ii) if K =F p then π(Eη) is finite.
We can apply the results in the previous section in order to get rid of any condition on the base field K, hence getting the following Theorem 4.6. Let K be any field. Let X → S be a smooth proper morphism of K-varieties with geometrically connected fibers admitting a section σ : S → X. Let E ∈ D Mod(X/S) and assume there exists a dense subsetS of rational points such that, for every s ∈S, π(E s , ω σ(s) ) is finite and that the highest power of p dividing |π(E s , ω σ(s) )| is bounded overS. Then ifη is a geometric generic point of S, π(Eη) is finite.
Using the results on the base change of the monodromy group, it is enough to prove the following Lemma 4.7. Let K be any field, let S a scheme of finite type over K and let S ′ be a subset of the rational points which is dense in S. Then for every field extension
Proof. Let us first suppose that L is separable over K, and by way of contradiction let us assume that S ′ is contained in a proper closed sub-scheme
is a proper closed sub-scheme of S L which is G-invariant and hence is defined over K, that is there exists Z 0 ⊂ S a proper closed sub-scheme such thatZ = Z 0 ⊗ K L.
But as S
′ is a subset of the K-rational points on S, it is σ invariant, in particular S ′ ⊂ Z 0 which gives a contradiction as S ′ is dense in S. We can hence suppose that K is separably closed, in particular that K/K is purely inseparable. But then ι : Spec K → Spec K is a universal homeomorphism, in particular if S ′ is dense in S L if and only if it is dense in S. We are thus reduced to the case where K is algebraically closed. Let U be an open of S L such that S ′ ∩ U = ∅ , then U is defined over some finite type Kalgebra A, that is there exists U a closed sub-scheme of S A over Spec A such that U = U ⊗ A L. Moreover, U does not intersect the image of the sections Spec A → U induced by the set S ′ . Then there exists a closed point s in Spec A such that the S A ⊗ A k(s) intersects U and thus U ⊗ A k(s) is an open of S not intersecting S ′ , which gives a contradiction.
Thanks to the previous lemma and to the base change of Corollary 3.8, we can, in the proof of Theorem 4.6 first base change the base field K to any field extension. As Theorem 4.5 holds for any K algebraically closed and different fromF p , we are done.
Base change of Tannakian fundamental groups. If
The homomorphism µ is not, in general, an isomorphism, see for example [Riv72, VI, Ex. 1.2.6, b] and [San07, Cor. 23] for counterexample with respect to the algebraic and the stratified fundamental groups.
Nevertheless using the base change of the monodromy of the single object one can prove the following: 
. But both properties can be checked at the level of monodromy groups, where they hold by assumption.
It is hence natural to ask the following Question. How can the kernel of µ be described, depending on L/K, for the various (K, L)-geometric pairs on which Lemma 4.8 applies?
4.4. The algebraic and stratified fundamental groups. The results about the base change of the monodromy group can also be used to extend a fundamental result by dos Santos:
Theorem 4.9. Let K be any field of positive characteristic and let S be a smooth K-variety. Then the monodromy group of every stratified bundle is smooth.
Proof. The result for K algebraically closed is [San07, Cor. 12], and as smoothness is a geometric property the theorem follows from Corollary 3.8.
Moreover in any characteristic the following holds:
Proposition 4.10. Let L/K be an finite field extension and let S be a geometrically connected smooth variety over K and s ∈ S(K) = ∅, then the natural map
is an isomorphism. The same holds for any algebraic extension if the characteristic of K is zero.
Proof. Let us first assume that L/K is finite, then one one side by Lemma 4.8 µ is faithfully flat, on the other if In particular, m ij ∈ K, now note that for every base change matrix U ∈ GL 2 (L[x]), the matrices M 
